We develop a connection between DP-colorings of k-uniform hypergraphs of order n and coverings of n-dimensional hypercube by pairs of antipodal (n − k)-dimensional faces. Bernshteyn and Kostochka established that the minimum number of edges in a non-2-DPcolorable k-uniform hypergraph is 2 k−1 . In this paper we use the fact that this bound is attained if and only if there exists a splitting of the n-dimensional Boolean hypercube into 2 k−1 pairs of (n − k)-dimensional faces. We give a construction of such splittings for k = 3 t . For k = 5 we prove that such splitting do not exist. Consequently every 5-uniform hypergraph with 16 (or less) edges is 2-DP-colorable.
Introduction
Let Q n 2 be an n-dimensional Boolean hypercube. We consider a splitting of Q n 2 into m-dimensional axis-aligned planes or m-faces. If m = 1 then such splitting is equivalent to a perfect matching in Boolean hypercube. Two m-faces are called parallel if they have the same directions.
Concept of a graph DP-coloring was developed by Dvorak and Postle [2] in order to generalize the notation of a proper coloring. In [1] Bernshteyn and Kostochka considered a problem to estimate the minimum number of edges in non-2-DP-colorable r-uniform hypergraphs. The existence of a non-2-DP-colorable k-uniform hypergraph with e edges and n vertices is equivalent to the existence of a covering of Q n 2 by 2e (n − k)-faces. The definition of DP-coloring implies that this covering should consist of pairs of antipodal parallel (n − k)-faces. If the hypergraph is simple then this covering does not contain pairs of parallel non-antipodal faces. It is clear that each covering of Q n 2 consists of 2 k or more (n − k)-faces. If a covering C of Q n 2 consists of exactly 2 k (n − k)-faces then C is a splitting of Q n 2 into (n − k)-faces. So, a covering of Boolean hypercube is called an antipodal k-splitting if it consists of exactly 2 k (n − k)-faces and it does not contain pairs of parallel non-antipodal faces.
A splitting of hypercube into (n − k)-faces is a special case of A-designs. In [7] there were given constructions of A-design with additional properties such as a lack of adjacent parallel faces. For n − 2k + 2 ≥ 0 we construct k-splitting of Q n 2 with at most two (n − k)-faces of any fixed direction (Proposition 6).
The main results of this paper are a construction for antipodal k-splittings for k = 3 t (Corollary 1) and the proof of nonexistence of such splittings for k = 5 (Theorem 2). As a corollary we obtain that every 5-uniform hypergraph with 16 (or less) edges is 2-DP-colorable (Corollary 5) and there exist a non-2-DP-colorable r-uniform hypergraphs with 2 r−1 vertices, where r = 3 t (Corollary 3).
The proof of nonexistence of an antipodal 5-splitting of the Boolean hypercube is based on a concept of k-unitrades. A trade, broadly speaking, is the difference between two combinatorial structures with the same parameters. Trades, bitrades and unitrades are using for investigation and construction via switching method of combinatorial designs, latin squares, error-correcting codes and other structures [3] . The notion of unitrades was introduced in [6] . Here we prove that every antipodal k-splitting of a Boolean hypercube creates a k-unitrade with cardinality 2 k−1 . In Theorem 1 we give a classification of 5-unitrades with cardinality 16.
Splitting of hypercube
We denote a (n − k)-face of Q n 2 by a n-tuple (a 1 , a 2 , . . . , a n ) of symbols 0, 1, * where the symbol * is used n − k times. In more details, (a 1 , . . . , a n ) = {(x 1 , . . . , x n ) :
If A = {(a 1 , . . . , a n )} is an antipodal k-splitting then A τ = {(a τ 1 , . . . , a τ n )} is an antipodal k-splitting for any permutation τ . Let us agree to * ⊕ 0 = * ⊕ 1 = * . We define Boolean addition of n-tuples to act coordinate-wise. Then a ⊕ b is a (n − k)-face of Q n 2 for any (n − k)-face a and any b ∈ Q n 2 . It is clear that if A is an antipodal k-splitting then A ⊕ b = {a ⊕ b : a ∈ A} is an antipodal k-splitting for each b ∈ Q n 2 . A and A ′ are called equivalent antipodal k-splittings if A ′ is obtained from A by the aboved operations. Proof. If A is an antipodal k-splitting of Q n 2 then B = {(a 1 , . . . , a n , * ) : (a 1 , . . . , a n ) ∈ A} is an antipodal k-splitting of Q . Proof. Let A be an antipodal k 1 -splitting of Q n 1 2 and B = B 0 ∪B 1 be an antipodal k 2 -splitting of Q n 2 2 where sets B 0 and B 1 do not contain parallel (n 2 − k 2 )-faces. Consider (a 1 , . . . , a n 1 ) ∈ A. For all a i , if a i = 0 we replace a i by arbitrary b ∈ B 0 ; if a i = 1 then we replace a i by arbitrary b ∈ B 1 ; if a i = * then we replace a i by ( * , . . . , * )
It is not difficult to verify that 1) C is a covering of Q n 2 ; 2) all tuples of C are disjoint and, consequently, C is k 1 k 2 -splitting; 3) C contains pairs of antipodal faces because A and B contain pairs of antipodal faces; 4) C does not contain parallel non-antipodal faces because A and B do not contain such faces. △ Proofs of the following two statements can be found in [1] . They are rewritten here in notations of this article. Proof. Let A be an antipodal k-splitting and k is even. Consider an (n − k)-face a ∈ A, the (n − k)-face a ∈ A antipodal to a and k-face a ⊥ orthogonal (dual) to a. By definition, we obtain that x = a ∩ a ⊥ and x = a ∩ a ⊥ are antipodal vertices of a ⊥ . The vertices x and x have the same parity because k is even. But for all other b ∈ A we obtain that b ∩ a ⊥ has the same number of even-weighted and odd-weighted vertices (or b ∩ a ⊥ is an empty set). Since A is a splitting, the set {b ∩ a ⊥ : b ∈ A} is a splitting of a ⊥ as well. Because the numbers of even-weighted and odd-weighted vertices in a ⊥ is equal, we have a contradiction. △ Proposition 5. A k-splitting of Q n 2 do not contain odd number of (n − k)-faces with a fixed direction (k > 0).
A proof of this proposition is similar to previous one.
Proposition 6. There exit k-splitting of Q n 2 with at most two (n−k)-faces of any fixed direction if n − 2k + 2 ≥ 0.
Proof. By induction on n. For n = 2, 3 and k = 1, 2 it it easy to verify this statement directly. The case n = 4, k = 1 is equivalent to Proposition 3. Let B = B 0 ∪ B 1 be a ksplitting of Q n 2 where sets B 0 and B 1 do not contain parallel (n − k)-faces. Consider the set A = {b0 * , b1 * :
with at most two (n − k + 1)-faces of any fixed direction. Besides, the set C = {b * : b ∈ B} is a k-splitting of Q n+1 2
. △. Using Propositions 1 and 6 we can construct a k-splitting of Q n 2 without parallel (n−k)-faces on a distance less than d for sufficiently large n.
2-DP-coloring
Let G be a r-uniform hypergraph on n vertices. For each e ∈ E(G) we consider two antipodal 2-colorings ϕ e : e → {0, 1} and ϕ e = ϕ e ⊕ 1. Let Φ be a collection of ϕ e , e ∈ E(G). We say that a 2-coloring f : V (G) → {0, 1} avoids Φ if f | e = ϕ e and f | e = ϕ e for each e ∈ E(G).
A hypergraph G is called proper 2-colorable if there exists 2-coloring f avoiding Φ 0 , where Φ 0 consists of constant maps. A hypergraph G is called 2-DP-colorable if for every collection Φ there exists a 2-coloring f avoiding Φ.
A 2-coloring f of k-uniform hypergraph on n vertices is on-to-one correspond to n-tuple over alphabet {0, 1} (f ∈ Q n 2 ). Each k-hyperedge corresponds to (n − k)-faces of Q n 2 of some direction. For example, k-hyperedge consisting of i 1 th,...,i k th vertices corresponds to faces ( * , . . . , * , · i 1 , * , . . . , * , · i 2 , * , . . . , · i k , * . . . , * ). A 2-coloring f avoids ϕ e = ( * , . . . , 1, 0, . . . , * ) iff f ∈ ϕ e . A 2-coloring f avoids Φ if f ∈ ϕ e ∪ ϕ e for each ϕ e ∈ Φ. Consequently, we have the following statement.
Proposition 7.
A non-2-DP-colorable k-uniform hypergraph with ℓ edges and n vertices is equivalent to a covering of Q n 2 by ℓ pairs of antipodal (n − k)-faces. Since a union of 2ℓ (n − k)-faces contains ℓ2 n−k+1 vertices at most, we obtain the following corollary.
Corollary 2. Any k-uniform hypergraph with ℓ < 2 k−1 edges is 2-DP-colorable.
A proper 2-coloring correspond to a covering consisting of faces which contain vertices 0 or 1. Therefore, any k-uniform hypergraph with 2 k−1 edges is proper 2-colorable.
Proposition 7 implies the following statement.
Proposition 8. There exists a non-2-DP-colorable k-uniform hypergraph with 2 k−1 edges if and only if there exists an antipodal k-splitting of Q n 2 .
By Proposition 8 and Corollary 1 we obtain the following statement.
Corollary 3. There exist non-2-DP-colorable r-uniform hypergraphs with 2 r−1 vertices, where r = 3 t . 
Trades
Further, we use symbols 1, 2, . . . for elements of the set V . Denote
Proposition 9 (elementary properties of unitrades).
1) A set of indicators of k-unitrades on V is a vector space over GF (2).
2) If U is a k-unitrade on an n-element set then it is a k-unitrade on an (n + 1)-element set.
The converse is also true. Then each (k − 2)-block u is contained in blocks of U ′ a with the same multiplicity as the (k − 1)-block u ∩ {a} is contained in blocks of U .△ For convenience, we identify unitrades and their indicators. Denote by V(k, n) the vector space of k-unitrades on an n-element set.
Two unitrades U 1 on a set V 1 and U 2 on a set V 2 said to be equivalent if there exists an injection f :
Proof. If both k-blocks u 1 and u 2 cover two different (k − 1)-blocks then
We will denote by U i an arbitrary unitrade equivalent to U . For example, k-unitrades equivalent to W k are denoted by W i k . Proposition 11. V(k, n) is the linear closure of unitrades equivalent to W k .
Proof. By induction on k and n. The space V(k, k + 1) consists of a unique nonzero element W k . Suppose the proposition holds for V(2, n). Consider U ∈ V(2, n + 1). For each v ∈ V there are 2t elements u ∈ U such that v ∈ u. Then we can choose t 2-unitrades W i 2 (all of them are equivalent to W 2 ) such that W ∩ {v} = ∅, where
and W is a linear combination of 2-unitrades that are equivalent to W 2 by inductive assumption.
Suppose the proposition holds for V(k+1, n) and V(k, m) for any positive integer m. Consider
Proof. The indicator of a k-unitrade is a Boolean function on the set of k-blocks of an n-element set V . So V(k, n) is a subspace of the n k -dimensional space over GF (2) 
Consequently, the number of independent linear equations over elements of V(k, n) is equal to |M | = n−1 k−1 . △ We will recount k-unitrades with small cardinality for k = 3, 4, 5. As proved below (Proposition 18), we need a list of 5-unitrade with cardinality 16 for finding of an antipodal 5-splitting. Since the set of unitrades is a vector space over GF (2), an enumeration of unitrades with small cardinality is equivalent to an enumeration of codewords with small weight. It is a typical problem of coding theory.
Proposition 13. If U is a k-unitrade and k is odd then |U | is even.
Proof. If k is odd then each k-block covers odd (k − 1)-blocks. But each (k − 1)-block is included into even number of k-blocks from U . Therefore the cardinality of U is even. △ Proposition 14. There are not exist k-unitrades of cardinalities between k + 1 and 2k. Every k-unitrade of cardinality 2k is a symmetric difference of two k-unitrades equivalent to W k .
Proof. Let U be a k-unitrade and let |U | > k + 1. There exist u 1 , u 2 ∈ U such that |u 1 ∩ u 2 | < k − 1 because otherwise U is equivalent to W k . If there exist u 1 , u 2 ∈ U such that |u 1 ∩ u 2 | < k − 2 then we can show that |U | > 2k + 2 similarly to Proposition 10. Consider blocks u 1 , u 2 ∈ U such that |u 1 ∩ u 2 | = k − 2. There are exactly four k-blocks intersecting both blocks u 1 and u 2 in k − 1 elements. There four k-blocks cover two (k − 1)-subblocks of u 1 and two (k − 1)-subblocks of u 2 . But we are able to choose only two from four k-blocks because another pair coves the same (k − 1)-subblocks. So, counting the minimal possible number of k-blocks which cover all (k − 1)-blocks included in u 1 and u 2 , we obtain that |U | ≥ 2(k + 1) − 2. The equation |U | = 2(k + 1) − 2 implies that U is a symmetric difference of two k-unitrades equivalent to W k whatever the chosen two k-blocks. △ We will denote by R k a k-unitrade of cardinality 2k. Examples of 5-unitrades. Proposition 15. There exists a unique 4-unitrade of cardinality 9 up to equivalence: P = {{1, 2, 5, 6}, {1, 3, 5, 6}, {2, 3, 5, 6}, {1, 2, 4, 6}, {1, 3, 4, 6}, {2, 3, 4, 6}, {1, 2, 4, 5}, {1, 3, 4, 5}, {2, 3, 4, 5}}.
Proof. Let U be a 4-unitrade of cardinality 9. There exists an element (for example, 1) which occurs i ≤ 9 · 4/|supp(U )| times in all 4-blocks of U . By Propositions 9, 10, 13 and 14 we have that i = 4 or i = 6. If i = 4 then U ′ 1 = W 3 and U = W 1 4 △ W 2 4 , i. e., |U | = 8. If i = 6 then U ′ 1 = R 3 and U is equivalent to P that can be verified directly. △ U ′ 1 . By Proposition 9(1), the symmetric difference W 5 △ U is a unitrade. Since |W 5 ∩ U | = 5 or |W 5 ∩ U | = 6, we obtain that |W 5 △ U | = 12 or |W 5 △ U | = 10. In the first case, the set W 5 △ U is equivalent to S or a union of two disjoint unitrades W 1 5 and W 2 5 by Proposition 16. In the second case, we have that W 5 ⊂ U and the set W 5 △ U is equivalent to R 5 by Proposition 14. Therefore, in the first case U is the symmetric difference of S and W 5 and in the second case U is a union of disjoint unitrades W 5 and R 5 . Since W 5 and S are transitive unitrades, all symmetric differences of such unitrades are equivalent.
If k = 8 then U ′ 1 is equivalent to R 4 by Proposition 14. By direct calculation, we obtain that S ′ 5 (and S ′ 6 , S ′ 7 ) is equivalent to R 4 . Then |U △ S 1 | ≤ 12 for some unitrade S 1 . By Propositions 9(1), 10, 13, 14 and 16, the set A = U △ S 1 is a unitrade equivalent to W 5 (case (a)), R 5 (case(b)), S (case (c)) or it is a union of two disjoint copies of W 5 (case (d)).
In the case (a) U is equivalent to E. In the case (c) U is equivalent to F because the unitrade S is transitive. In the case (d) U includes W 5 . Therefore, it is a union of disjoint W 5 and R 5 . In the case (b) |U △ S 1 | = 9 and one of eight elements, without loss of generality, the element 8 does not belongs to S 1 . Then element 8 occurs in U at most 7 times. By Proposition 9(4), 10, 14, it occurs 5 times. The case k = 5 is considered above. △ Example of two nonequivalent 5-unitrades of type (1) . Proposition 18. An antipodal k-splitting of Q n 2 correspond to a k-unitrade with cardinality 2 k−1 over n-element set.
Proof. Let A be an antipodal k-splitting of Q n 2 . Consider the indicator χ a for a ∈ A. χ a can be defined by the monomial χ a (x) = (
where deg(h a ) < k − 1.
For each block b = {i 1 , . . . , i m } ⊂ {1, . . . , n} we define a monomial x b = x i 1 · · · x im . Each pair of antipodal (n − k)-faces a and a correspond to the the sum of monomials
where β(a) = {i j : a i j ∈ {0, 1}}. Since A is a splitting, the equation The following statement is proved in [4] and [5] .
Proposition 19 (see [4] ).
From Propositions 18 and 19 it follows that all unitrades corresponding to antipodal splittings are not bitrades.
Corollary 4.
An antipodal k-splitting of Q n 2 does not exist for all n ≤ k + 2, k ≥ 3.
Proof. Let n = k + 2. There exist only three k-element blocks containing a fixed (k − 1)-element block. Consequently each (k − 1)-block is subset of 0 or 2 k-blocks of the k-unitrade corresponding to a splitting. The cardinality of the k-unitrade corresponding to an antipodal k-splitting is equal to 2 k−1 . The number of (k − 1)-element blocks, which are covered by kelement blocks, is k · 2 k−1 > 2 · k+2 k . Then there exists a (k − 1)-element block cowered more than twice. We have a contradiction. The case n = k + 1 is similar to the case n = k + 2. △ Let a = (a 1 , . . . , a n ) be a (n − k)-face of Q n 2 . Define a projection P 1,...,k [a] : Q k 2 → N onto the first k coordinates by the equation P 1,...,k [a](x 1 , . . . , x k ) = |{(x 1 , . . . , x k , y k+1 , . . . , y n ) ∈ a}|. The weight spectrum of the projection P 1,...,k [a] is the tuple w(P 1,...,k [a]) = (z 0 , z 1 , . . . , z k ), where
It is easy to see that
, where A is a splitting of Q n 2 . Proposition 20. Let A be a collection of (n − k)-faces of Q n 2 . Suppose there exists a pair of k-blocks u 1 , u 2 ∈ β(A) such that |u 1 ∩ u 2 | ≤ 1. Then A is not an antipodal k-splitting.
Proof. If u 1 ∩ u 2 = ∅ then the (n − k)-face corresponding to u 1 and the (n − k)-face corresponding to u 2 have a non-empty intersection. Otherwise without loss of generality we suppose that u 1 ∩ u 2 = {1}. 
. . , x 4 ⊕ 1) for some functions f and g. Since F ≡ 0, we obtain that
By definition, we obtain that f (x 1 , . . . , x 4 ) = b∈B χ b , where B is a collection of four 2-faces corresponding to 3-unitrade
We have a contradiction. △ Theorem 2. There are no antipodal 5-splittings of Q n 2 . Proof. By Proposition 18 and Theorem 1 it is sufficient to consider collections A of (n − 5)-faces of Q n 2 corresponding to three types of 5-unitrades β(A). If {1, . . . , 5} ⊂ C and one of essential coordinates of W 5 is greater than 7 then A is not an antipodal 5-splitting by Proposition 23 (see an example below Theorem 1). Indeed, in this case A is equivalent to H. Consider the projection of H onto coordinates {1, . . . , 5}. It is clear that H consists of 3 subsets with equal projections corresponding to {2, 3, 4, 5}, {1, 3, 4, 5}, {1, 2, 4, 5}, {1, 2, 3, 5}, {1, 2, 3, 4} and a pair of antipodal vertices v, v ∈ Q 5 2 . Projections of each of 3 parts are cycles that contain 5 pairs of antipodal edges (1-faces). These cycles are pairwise disjoint and do not contain vertices v, v.
If |C ∩ {1, . . . , 5}| = 4 and |C ∩ {6, 7}| = 1 or |C ∩ {1, . . . , 5}| = 3 and |C ∩ {6, 7}| = 2 then A is not an antipodal 5-splitting by Proposition 22. In the other cases A is not an antipodal 5-splitting by Proposition 20.
2. If β(A) is equivalent to E then A is not an antipodal 5-splitting by Proposition 21. 3. Let β(A) be equal to F . Suppose that it is an antipodal 5-splitting. Consider the projection of A onto the first six coordinates. We obtain that the first part of the projection D corresponding to {{1, 2, 3, 5}, {1, 2, 4, 5}, {1, 3, 4, 5}, {2, 3, 4, 5}, {1, 2, 3, 6}, {1, 2, 4, 6}, {1, 3, 4, 6}, {2, 3 Open problem. Does there exist a non-2-DP-corolable k-uniform hypergraph with 2 k−1 edges if k = 3 t ?
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